
ቯℂ3.4
� CFL = NPDA

�ᢥ⣂⥄↱⸒⺆䈱䉪䊤䉴䈫㕖ቯᕈ䊒䉾䉲䊠䉻䉡䊮
䉥䊷䊃䊙䊃䊮䈮䉋䈦䈩ฃℂ䈘䉏䉎⸒⺆䈱䉪䊤䉴䈲
৻⥌䈜䉎䇯

� 2䈧䈱㗴䈮ಽ䈔䈩䈖䈱ቯℂ䉕⸽䈜䉎䇯
�㗴3.5 CFL㼁NPDA
�㗴3.6 NPDA㼁CFL

3.3 ᢥ⣂⥄↱ᢥᴺ䈫PDA



㗴3.5 CFL㼁NPDA

� 䈖䈱㗴䈱ᗧ

�છᗧ䈱⸒⺆ L�CFL 䈮䈧䈇䈩䇮

L�NPDA  䋨L 䉕ฃℂ䈜䉎npda䈏䈅䉎䋩

�⸽䈱䉝䉟䊂䉝
�L㺃CFL䈫䈚䇮L㼁㰿* 䉕↢ᚑ䈜䉎ᢥ⣂⥄↱ᢥᴺ䉕

G = (N,㰿, P, S) 䈫䈜䉎

�䈖䈱 G 䈮ኻᔕ䈜䉎 npda M 䉕䈧䈒䉍䇮
L(G) = N(M) 䈫䈭䉎䈖䈫䉕␜䈞䈳䉋䈇

NPDA

CFL



㗴3.5䈱⸽ (1)
� ⸒⺆ L 䉕ᦨ⚳⁁ᘒ䈫ⓨ䉴䊃䉝䈪ฃℂ䈜䉎 npda M = 

(K,㰿,㰰,㱐, q0, Z0, F) 䉕ᰴ䈱䉋䈉䈮ቯ⟵

� K = {q0}
� 㰰= N㺥㰿

� q0 䈏ೋᦼ⁁ᘒ

� S㺃N 䈏ೋᦼ⸥ภ Z0

� F = {q0}
� ㆫ⒖㑐ଥG 䈲ᰴ䈱䉋䈉䈮ਈ䈋䉌䉏䉎䇯

(i)㱐(q0,㱑, A) = {(q0,㱍) | A㸢㱍㺃P}
(ii)㱐(q0, a, a) = {(q0,㱑)}   (䈢䈣䈚 a㺃㰿)

ᵈ䋺䈖䉏䈲䇮ᢥ⣂⥄↱ᢥᴺ䈎䉌╬ଔ䈭PDA䉕䉎ᚻᴺ䈮䈭䉎䋣



㗴3.5䈱⸽ (2)
� L(G) = N(M) 䉕⸽䈜䉎䈡䋣

�䉁䈝䈲 X㺃N, u㺃㰿*, D㺃N(N㺥㰿)*㺥{㱑} 䈫䈜䉎䈫䈐
ᰴ䈱 (a) (b) 䈏ห୯䈪䈅䉎䈖䈫䉕␜䈜䇯

(a)  ᦨᏀዉ X 㹢 u㱍 䈏䈅䉎䇯

(b)  (q0, u, X)䀙 (q0,㱑,㱍) 䈫䈭䉎䇯

� (a)㹢(b) 䋨ዉ䈱㐳䈘䈮䈧䈇䈩䈱Ꮻ⚊ᴺ䋩
� 㐳䈘䈏 0 䈱䈫䈐䈲 u =㱑, 㱍= X 䈪䈅䉎䈱䈪⥄䇯

� ᦨᏀዉ䈱㐳䈘䈏 n 䈱䈫䈐ᚑ┙䈜䉎䈫ቯ䈜䉎䇯
䈖䈱䈫䈐㐳䈘 n+1䈱ᦨᏀዉ

X 㹢 uD
䉕䈫䉎䇯䈢䈣䈚 u㺃㰿*,㱍㺃(N㺥㰿)*㺥{㱑} 䈫䈜䉎䇯

ജ䈎䉌 u 䉕ᶖ⾌䈚䈩䉴䊃䉝䈱X䉕㱍䈮ᄌ䈋䉎

*

*

n+1



䈖䈱ᦨᏀዉ䈲䇮

X 㹢 vA㱎㹢 v㱏㱎 (䈢䈣䈚 v㺃㰿*, A㸢㱏㺃P)
䈱䉋䈉䈮䇮㐳䈘 n 䈱ᦨᏀዉ䈫䇮㐳䈘 1 䈱ᦨᏀዉ䈮ಽ⸃䈪䈐䉎䇯

䈖䈖䈪 u = vx, x㺃㰿*,㱏㱎= x㱍䈫ᦠ䈔䉎䇯Ꮻ⚊ᴺ䈱ቯ䉋䉍

(q0, v, X)䀙 (q0,㱑, A㱎)
䈫䈭䉎䇯䈚䈢䈏䈦䈩

(q0, vx, X)䀙 (q0, x, AE)
䀙 (q0, x, xD) 䋨(i)䈱ㆫ⒖䈫 J E = xD 䈮䉋䉎䋩

䀙 (q0, H, D) 䋨(ii)䈱ㆫ⒖䈮䉋䉎䋩

䈖䈱䉋䈉䈮䈚䈩 (q0, u, X)䀙 (q0, H, D)䈫䈭䉎䇯

䉋䈦䈩(a)㹢(b)䈏ᚑ䉍┙䈧䇯

㗴3.5䈱⸽ (3)n

nX

Av 㱎

㱏
(x㱔)

*

*

*



㗴3.5䈱⸽ (4)
� (b)㹢(a)䈱⸽

� ⸘▚䈱䉴䊁䉾䊒ᢙ䈮䈧䈇䈩䈱Ꮻ⚊ᴺ䈪⸽䈜䉎䇯

� 䉴䊁䉾䊒ᢙ䈏 0 䈱႐ว䈲⥄䇯

� 䉴䊁䉾䊒ᢙ䈏 n એਅ䈱䈫䈐ᚑ┙䈜䉎䈫ቯ䈜䉎䇯㐳䈘 n+1 䈱⸘▚
(q0, u0, a0)䀙 䊶䊶䊶䀙 (q0, un,an)䀙 (q0, un+1,an+1)

䉕䈫䉎䇯䈢䈣䈚 u0 = u, un+1 =㱑, a0 = X, an +1 = a 䈫䈜䉎䇯

� n+1 ⇟⋡䈱䉴䊁䉾䊒䈪 (i) 䈱ㆫ⒖䋨㱑േ䋩䈏䉒䉏䈩䈇䉎႐ว䋺

䈱⸘▚䈲
(q0, u, X)䀙n (q0,㱑, A㱎)䀙 (q0,㱑,㱏㱎)

䈫ಽ⸃䈪䈐䉎䇯䈢䈣䈚 A㸢㱏㺃P,㱏㱎=㱍䈪䈅䉎䇯

Ꮻ⚊ᴺ䈱ቯ䈮䉋䉍䇮ᦨᏀዉ
X 㹢 uA㱎

䈏ሽ䈜䉎䇯 A㸢㱏㺃P 䈪䈅䉍䇮䉁䈢 u㺃㰿*䈣䈎䉌䇮
X 㹢 uA㱎㹢 u㱏㱎

䈲ᦨᏀዉ䈪䈅䉎䇯
䉋䈦䈩 X 㹢 u㱍䈭䉎ᦨᏀዉ䈏ሽ䈜䉎䇯

*

*

*



㗴3.5䈱⸽ (5)
� n+1 ⇟⋡䈱䉴䊁䉾䊒䈪 (ii) 䈱ㆫ⒖䈏䉒䉏䈩䈇䉎႐ว䋺

X 䈲㕖⚳┵⸥ภ䈭䈱䈪䇮╙䋱䉴䊁䉾䊒⋡䈪䈲 (ii) 䈱ㆫ⒖䉕ㆡ↪䈪䈐䈭䈇䇯
䈚䈢䈏䈦䈩䇮䈅䉎ᤨὐ m(2㻡m㻡n+1) 䈏ሽ䈚䈩䇮m䋭1䉴䊁䉾䊒⋡䈪䈲
(i)䈱ㆫ⒖䈏䉒䉏䇮䈜䈼䈩䈱 t(m㻡t㻡n+1)䈮ኻ䈚䈩 t 䉴䊁䉾䊒⋡䈪䈲
(ii) 䈱ㆫ⒖䈏ㆡᔕ䈘䉏䈩䈇䉎䇯

� 䈜䉎䈫䇮⸘▚ (q0, u, X)䀙n+1 (q0,㱑,㱍) 䈲 㩿u = vx 䈫䈍䈒䈫㪀

(q0, vx, X)䀙m-2 (q0, x, A㱎 )
䀙 (q0, x,㱏㱎)    䋨m-1࿁⋡䈱ㆫ⒖䈲(i)䈱ㆫ⒖䋩

䀙n-m+2 (q0,㱑,㱍)    䋨ᱷ䉍䈲䈜䈼䈩(ii)䈱ㆫ⒖䋩

䈫ಽ⸃䈪䈐䉎䇯䉁䈢 (q0, vx, X)䀙m-2 (q0, x, A㱎) 䈭䉌䈳

(q0, v, X)䀙m-2 (q0,㱑, A㱎) 䈪䈅䉎䈱䈪䇮Ꮻ⚊ᴺ䈱ቯ䉋䉍ᦨᏀዉ

X 㹢 vA㱎

䈏ሽ䈜䉎䇯䈜䉎䈫
X 㹢 vA㱎㹢 v㱏㱎

䈲ᦨᏀዉ䈪䈅䉎䇯
㱏㱎= x㱍, vx = u 䈪䈅䉎䈱䈪 X 㹢 u㱍䈏䈅䉎䈖䈫䈮䈭䉎䇯

*

*

*

䋨m-1࿁⋡䈱ㆫ⒖䈮ኻᔕ䋩



㗴3.5䈱⸽ (6)
�એ䈮䉋䉍 (a) 䈫 (b) 䈏ห୯䈪䈅䉎䈖䈫䈏䉒䈎䈦䈢䇯

(a) ᦨᏀዉ X㹢uD 䈏䈅䉎䇯

(b) (q0, u, X)䀙 (q0, H, D) 䈫䈭䉎䇯

�㗴3.1䉋䉍䇮G 䈱ዉ䈲ᦨᏀዉ䈫䈚䈩䈍䈇䈩䉋䈇䈱䈪䇮

w㺃㰿* 䈮ኻ䈚䈩

S 㹢 w    㹤 (q0, w, S)䀙 (q0, H, H)
䈫䈭䉎䇯䈚䈢䈏䈦䈩 L(G) = N(M) 䈫䈭䉎䇯

㗴3.2䉋䉍 L㺃NPDA 䈫䈭䉎䇯 䇼⸽⚳䇽

㗴㪊㪅㪈
G = (N, 6, P, S) 䉕ᢥ⣂⥄↱ᢥᴺ䈫䈜䉎䇯ዉ u 㹢 v 䈏
䈅䉎䈭䉌䈳䇮 u 䈎䉌 v 䈻䈱ᦨᏀዉ䈏䈅䉎䇯

㗴㪊㪅㪈
G = (N, 6, P, S) 䉕ᢥ⣂⥄↱ᢥᴺ䈫䈜䉎䇯ዉ u 㹢 v 䈏
䈅䉎䈭䉌䈳䇮 u 䈎䉌 v 䈻䈱ᦨᏀዉ䈏䈅䉎䇯

*

* *

*
*



3.13
� ᢥ⣂⥄↱ᢥᴺ G = (N, 㰿, P, S) 䉕

�N = {S}
�㰿= {a, b}
� P = {S 㸢 aSb,  S 㸢 ab}
䈫䈜䉎䇯䈖䈱䈫䈐㗴3.5䈪᭴ᚑ䈘䉏䉎npda䈱ㆫ⒖
㑐ᢙ㱐䈲ᰴ䈱䉋䈉䈮䈭䉎

q x Z 㱐(q, x, Z)

q0 H S {(q0, aSb), (q0, ab)}
q0 a a {(q0, H)}
q0 b b {(q0, H)}

䈱⁁ᘒ ജ䊓䉾䉻䈏䈩䈇䉎⸥ภ
䉴䊃䉝䈱䊓䉾䉻䈏䈩䈇䉎⸥ภ



㗴3.6 NPDA㼁CFL

� 䈖䈱㗴䈱ᗧ

�છᗧ䈱⸒⺆ L�NPDA 䈮䈧䈇䈩䇮

L�CFL  䋨L 䉕ዉ䈜䉎CFL䈏䈅䉎䋩

�⸽䈱䉝䉟䊂䉝
�L㺃NPDA䈫䈚䇮䈖䈱 L 䉕ᦨ⚳⁁ᘒ䈫ⓨ䉴䊃䉝䈪ฃ
ℂ䈜䉎npda䉕 M=(K,㰿,㰰,㱐, q0, Z0, F) 䈫䈜䉎

�䈖䈱 M 䈮ኻᔕ䈜䉎ᢥ⣂⥄↱ᢥᴺ G 䉕䈧䈒䉍䇮
N(M) = L(G) 䈫䈭䉎䈖䈫䉕␜䈞䈳䉋䈇

CFL

NPDA



㗴3.6䈱⸽ (1)
� L 䉕↢ᚑ䈜䉎ᢥ⣂⥄↱ᢥᴺ G=(N,㰿, P, S) 䉕
ᰴ䈱䉋䈉䈮ቯ⟵
� N = (K㬍㰰㬍K)㺥{S}
� P 䈲ᰴ䈱↢ᚑⷙೣ䉋䉍䈭䉎

(i) ฦ p㺃F 䈮ኻ䈚䈩 S㸢(q0, Z0, p) 䈲↢ᚑⷙೣ䈪䈅䉎䇯

(ii) (p, Z1䍃䍃䍃Zk)㺃㱐(q, a, Z)  (k㻢1, a㺃S㺥{㱑})䈱䈫䈐
છᗧ䈱q1, q2, …,qk㺃K 䈮ኻ䈚䈩
(q, Z, qk) 㸢 a(p, Z1, q1)(q1, Z2, q2)䍃䍃䍃(qk-1, Zk, qk)
䈲↢ᚑⷙೣ䈪䈅䉎

(iii) (p,㱑)㺃㱐(q, a, Z)     (a㺃S㺥{㱑}) 䈱䈫䈐
(q, Z, p) 㸢 a 䈲↢ᚑⷙೣ

ᵈ䋺䈖䉏䈲䇮PDA䈎䉌╬ଔ䈭ᢥ⣂⥄↱ᢥᴺ䉕䉎ᚻᴺ䈮䈭䉎䋣



㗴3.6䈱⸽ (2)
� L(G) = N(M) 䉕⸽䈜䉎䈡䋣

�䈠䈱೨䈮䇮ᰴ䈱 (a) (b) 䈏ห୯䈪䈅䉎䈖䈫䉕␜䈜䇯

(a)  (q, Z, p) 㹢 x
(b)  (q, x, Z)䀙 (p,㱑,㱑)

� (a)㹢(b)䈱⸽䋨ዉ䈱㐳䈘䈮䈧䈇䈩䈱Ꮻ⚊ᴺ䈪⸽䋩

� 㐳䈘䈏 1 䈱䈫䈐䈲䇮↢ᚑⷙೣ (iii) 䈮䉋䉍

x 㺃 S 㺥{㱑} 䈪 (p,㱑) 㺃 d (q, x, Z )
䈫䈭䈦䈩䈇䉎䇯䈚䈢䈏䈦䈩 (q, x, Z)䀙 (p,㱑,㱑) 䈫䈭䉎䇯

㐳䈘 n એਅ䈱ዉ䈮ኻ䈚䈩ᚑ┙䈜䉎䈖䈫䉕ቯ䈜䉎䇯

� 㐳䈘 n+1 㻢 2 䈱ዉ

(q, Z, p)  㹢 x
䉕䈫䉎䇯ዉ䈱㐳䈘䈏 2 એ䈣䈎䉌৻⇟ೋ䉄䈮ㆡ↪䈘䉏䉎

↢ᚑⷙೣ䈲 (ii) 䈱ᒻ䈱䉅䈱䈪䈅䉎䇯

*
*



補題3.6の証明 (3)
このとき上の導出は
(q, Z, p) ⇒ a(q1, Z1, q2)(q2, Z2, q3)･･･(qk, Zk, p)

⇒ x
と書ける。ただし (q1, Z1･･･ Zk) ∈ δ (q, a, Z) である。
すると、x = ax1･･･ xk (xi∈Σ*) と書けて、各 i (1≦i≦k)に
対して、長さ n 以下の導出で

(qi, Zi , qi+1) ⇒ xi
となる。 ただし qk+1 = p とする。
帰納法の仮定より

(qi, xi, Zi)├ (qi+1,ε,ε) (1≦i≦k)
となる。このとき

(q, x, Z ) ├ (q1, x1･･･ xk , Z1･･･ Zk )
├ (q2, x2･･･ xk, Z2･･･ Zk )

･･･
├ (qk, xk, Zk )
├ (p,ε,ε)

となる。

*

*

*

*
*



㗴3.6䈱⸽ (4)

� (b)㹢(a)䈱⸽䋨⸘▚䈱䉴䊁䉾䊒ᢙ䈮䈧䈇䈩䈱Ꮻ⚊ᴺ䋩

� (iii) 䉋䉍 (q, Z, p) 㸢 x 䈲 P 䈱ⷐ⚛䈫䈭䉎䇯

䉋䈦䈩䉴䊁䉾䊒ᢙ䈏 1 䈱䈫䈐䈲ᚑ┙䈜䉎䇯n+1㻢2 䈫䈚䈩

(q, x, Z)䀙n+1 (p,㱑,㱑)
䈫䈜䉎䇯䈖䉏䉕ᦨೋ䈱1䉴䊁䉾䊒䈫ᱷ䉍䈱 n 䉴䊁䉾䊒䈮ಽ⸃䈜䉎䇯

n㻢1 䈣䈎䉌╙ 1 䉴䊁䉾䊒䈪䈲 Z 䈏䊘䉾䊒䈘䉏䈩㱑䈮⟎䈐឵䈋䉌

䉏䉎䈖䈫䈲䈭䈇䇯䉋䈦䈩

(q, x, Z) 䀙 (r, y, Z1䍃䍃䍃Zk ) 
䀙n (p,㱑,㱑)

䈫䈭䉎䇯䈖䈖䈪 x = ay,  a 㺃㰿㺥{㱑} 䈪䈅䉍䇮

(r, Z1䍃䍃䍃Zk ) 㺃㱐(q, a, Z) 䈪䈅䉎䇯



㗴3.6䈱⸽ (5)
� ฦ Zi 䈲䈇䈝䉏䊘䉾䊒䈘䉏䉎䈱䈪䇮

ಽ⸃ y = y1䍃䍃䍃yk (yi㺃㰿*, 1㻡i㻡k) 䈫⁁ᘒ q1䍃䍃䍃qk 䈏ሽ䈚䈩䇮

ฦ i (1㻡i㻡k) 䈮ኻ䈚䈩䇮n એਅ䈱䉴䊁䉾䊒ᢙ䈪

(qi, yi, Zi )䀙 (qi+1,㱑,㱑)
䈫䈭䉎䇯䈢䈣䈚 q1 = r , qk+1 = p 䈫䈜䉎䇯

Ꮻ⚊ᴺ䈱ቯ䉋䉍

(qi, Zi, qi+1) 㹢 yi (1㻡i㻡k)
䈫䈭䉎䇯 (ii)䉋䉍

(q, Z, p) 㹢 a(q1, Z1, q2) 䍃䍃䍃 (qk, Zk, p )
䈣䈎䉌

(q, Z, p) 㹢 a(q1, Z1, q2 ) 䍃䍃䍃 (qk, Zk, p )
㹢 ay1䍃䍃䍃 yk

䈫䈭䉎䇯 䉋䈦䈩 (q, Z, p) 㹢 x  䈫䈭䉎䇯

*

*

*
*



㗴3.6䈱⸽ (6)
�એ䈮䉋䉍 (a) 䈫 (b) 䈏ห୯䈪䈅䉎䈖䈫䈏䉒䈎䈦䈢䇯

(a) (q, Z, p) 㹢 x
(b) (q, x, Z)䀙 (p,㱑,㱑)

�䈠䈖䈪 x㺃㰿* 䈮ኻ䈚䈩 S 㹢x 䈭䉌䈳 (i) 䈮䉋䉍䇮

䈅䉎⁁ᘒ p㺃F 䈏ሽ䈚䈩䇮S 㹢 (q0, Z0 , p) 㹢 x 䈫䈭䉎䇯

䈚䈢䈏䈦䈩

(q0, x, Z0)䀙 (p,㱑,㱑)
䈫䈭䉍䇮 x 䈲 M 䈮䉋䈦䈩ฃℂ䈘䉏䉎䇯

ㅒ䈮 x 䈏 M 䈮䉋䈦䈩ฃℂ䈘䉏䉏䈳䇮

S 㹢 x  䈫䈭䉎䈖䈫䉅ห᭽䈮䉒䈎䉎䇯 䇼⸽⚳䇽

*
*

*
*

*

*



� M = (K,㰿,㰰,㱐, q0, Z0, F) 䉕⸒⺆ {anbn | n㻢1} 䉕ᦨ⚳⁁ᘒ䈫ⓨ䉴䊃䉝

䈪ฃℂ䈜䉎3.12䈱 npda 䈫䈜䉎䇯䈖䈱䈫䈐㗴3.6䈪᭴ᚑ䈘䉏䉎ᢥ⣂⥄

↱ᢥᴺ G=(N, S, P, S) 䈲ᰴ䈱䉋䈉䈮䈭䉎䇯

N = {q0, q1}㬍{A, Z0}㬍{q0, q1}㺥{S}
P 䈱↢ᚑⷙೣ䈲ᰴ䈱䈫䈍䉍䇯

S 㸢 (q0, Z0, q1)
(q0, Z0, q0) 㸢 a(q0, A, q0)
(q0, Z0, q1) 㸢 a(q0, A, q1)
(q0,  A, q0) 㸢 a(q0, A, q0) (q0, A, q0)
(q0,  A, q0) 㸢 a(q0, A, q1) (q1, A, q0)
(q0,  A, q1) 㸢 a(q0, A, q0) (q0, A, q1)
(q0,  A, q1) 㸢 a(q0, A, q1) (q1, A, q1)
(q0,  A, q1) 㸢 b
(q0,  A, q1) 㸢 b

3.14

ή㚝䈭↢ᚑⷙೣ
䈏ᄙ䈇䉋 㩿䊶㹻䊶㪀



� એਅ䈱㗴䈏⸽䈘䉏䈢
�㗴3.5 CFL㼁NPDA
�㗴3.6 NPDA㼁CFL

� 䈜䈭䉒䈤

� ᢥ⣂⥄↱⸒⺆䈱䉪䊤䉴䈫㕖ቯᕈ䊒䉾䉲䊠䉻䉡䊮
䉥䊷䊃䊙䊃䊮䈮䉋䈦䈩ฃℂ䈘䉏䉎⸒⺆䈱䉪䊤䉴䈲
৻⥌䈜䉎䇯䋨⸒⺆䉕ቯ⟵䈜䉎⢻ജ䈏╬䈚䈇䋩

3.3▵䈱⚿⺰

ቯℂ㪊㪅㪋

CFL = NPDA

ቯℂ㪊㪅㪋

CFL = NPDA
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